Scalar fields minimally coupled to General Relativity in three dimensions are considered. For certain families of self-interaction potentials, new exact solutions describing solitons and hairy black holes are found. It is shown that they fit within a relaxed set of asymptotically AdS boundary conditions, whose asymptotic symmetry group coincides with the one for pure gravity and its canonical realization possesses the standard central extension. Solitons are devoid of integration constants and their (negative) mass, fixed and determined by nontrivial functions of the self-interaction couplings, is shown to be bounded from below by the mass of AdS spacetime. Remarkably, assuming that a soliton corresponds to the ground state of the sector of the theory for which the scalar field is switched on, the semiclassical entropy of the corresponding hairy black hole is exactly reproduced from Cardy formula once nonvanishing lowest eigenvalues of the Virasoro operators are taking into account, being precisely given by the ones associated to the soliton. This provides further evidence about the robustness of previous results, for which the ground state energy instead of the central charge appears to play the leading role in order to reproduce the hairy black hole entropy from a microscopic counting. * Electronic address: correa, martinez, troncoso@cecs.cl
I. INTRODUCTION
The microscopic origin of black hole entropy, a question raised right after the pioneering work of Bekenstein and Hawking during the 1970's, still remains as a challenging unsolved puzzle. Nevertheless, the most compelling current proposals appear to converge in the sense that, regardless the precise mechanisms and assumptions, an emergent conformal symmetry in two dimensions, endowed with a suitable central extension, allows to reproduce the semiclassical entropy of different classes of black holes from a microscopic counting (see e.g. [1] [2] [3] [4] [5] , as well as [6] [7] [8] and references therein).
One of the simplest and clear examples is the one provided by Strominger [2] . This proposal relies on an observation pushed forward by Brown and Henneaux during the 1980's [9] and currently interpreted in terms of the AdS/CFT correspondence [10] . As follows from [9] , since the asymptotic symmetries of General Relativity with negative cosmological constant in three dimensions correspond to two copies of the Virasoro algebra, a consistent quantum theory of gravity should then be described in terms of a conformal field theory in two dimensions, with a central charge given by
where G and l stand for the Newton constant and the AdS radius, respectively. Thus, in [2] it was assumed that if the CFT fulfills some physically sensible properties, the physical states form a consistent unitary representation of the conformal algebra, so that the asymptotic growth of the number of states must be given by Cardy formula [11] . Remarkably, the result precisely agrees with semiclassical entropy of the BTZ black hole [12, 13] provided the central charge is exactly given by (1).
Nonetheless, there are known examples for which this proposal has to be refined, since for them the central charge does not play the leading role in order to reproduce the semiclassical black hole entropy from a microscopic counting. Indeed, as explained in [14] the asymptotic growth of the number of states can be expressed only in terms of the spectrum of the Virasoro operators without making any explicit reference to the central charges, so that the relevant quantities that allow to reproduce the black hole entropy turn out to be the lowest eigenvalues of the Virasoro operators. This can be seen as follows. If the spectrum of the Virasoro operators L ± 0 , whose eigenvalues are given by ∆ ± , is such that their lowest eigenvalues, denoted by ∆ ± 0 , are nonvanishing (i.e., for ∆ ± 0 = 0), Cardy formula reads (see e.g. [11, [15] [16] [17] )
where it is assumed that the ground state is non degenerate. As pointed out in [14] , on a cylinder, the zero mode of the Virasoro operators gets shifted according tõ
so that formula (2) can be naturally written as
where∆ ± correspond to the eigenvalues ofL ± 0 , while∆ ± 0 stand for the lowest ones. Therefore, from (4) it is apparent that the asymptotic growth of the number of states can be precisely obtained if one only knew the spectrum ofL , formula (4) reduces to its more familiar form, given by,
In this case, as shown in [2] , assuming that the eigenvalues ofL ± 0 are given by the corresponding canonical generators according tõ
where M and J stand for the mass and the angular momentum, respectively, then formula (5) precisely reproduces the semiclassical entropy of the BTZ black hole.
Therefore, for instances such that the lowest eigenvalues of the Virasoro operators do not vanish, i.e., for ∆ ± 0 = 0, formula (5) does not apply. Remarkably, as explained in [14] , in these cases the semiclassical black hole entropy can still be successfully reproduced by virtue of the generic formula given by (4) once the ground state configuration is suitably identified.
A concrete example where this effect occurs is provided by the existence of hairy black holes found in [18] for General Relativity minimally coupled to a self-interacting scalar field in three dimensions. The action is given by
and the self-interaction potential, expanded around φ = 0, is assumed to be of the form
so that the first term corresponds to the cosmological constant Λ = −1/l 2 , while the second one is the mass term, with m 2 = −3/(4l 2 ), fulfilling the Breitenlohner-Freedman bound [19, 20] . As shown in [18] , the scalar field is able to acquire slow fall-off at infinity, so that the action (7) admits a suitable set of asymptotically AdS boundary conditions in a relaxed sense as compared with the one of Brown and Henneaux [9] , which nevertheless possesses the same asymptotic symmetries, i.e., they are also left invariant under the conformal group in two dimensions, spanned by two copies of the Virasoro algebra. The asymptotic conditions are given by:
where χ = χ(t, ϕ) is an arbitrary function, and α is an arbitrary constant. One of the effects of relaxing the asymptotic conditions is reflected through the fact that the generators of the asymptotic symmetries acquire a nontrivial contribution from the scalar field. Following the Regge-Teitelboim approach [21] , the canonical generators were found to be given by
where the reference background is chosen to be the massless BTZ black hole. The corre- An exact analytic hairy black hole solution whose asymptotic behavior fits within the boundary conditions given by eqs. (9), (10) was found in [18] for the following self-interaction potential
which belongs to the class defined in (8) . As shown in [14] , for this specific potential, the field equations corresponding to (7) also admit an exact analytic soliton solution, being such that the metric and the scalar field are regular everywhere and fulfill the boundary conditions (9) and (10) . The soliton turns out to be devoid of integration constants, and
it has a precise fixed (negative) mass M 0 determined by the Newton constant and the selfinteraction parameter ν. This fact naturally suggests to regard the soliton as the ground state of the "hairy sector", for which the scalar field is switched on. Remarkably, assuming that the lowest eigenvalues of the Virasoro operators are determined by the global charges of the soliton, according to eq. (6), i.e.,∆ 
where M = In what follows we show the existence of new analytic hairy black hole and soliton solutions for different classes of self-interaction potentials. In the next section a one-parameter family of potentials which differs from (12) is considered, while in section III a class of potentials that depend on two parameters is discussed. Section IV is devoted to the explicit microscopic computation of the entropy of the hairy black holes mentioned above in terms of their corresponding solitons by means of formula (4) which reduces to eq. (13) in the static case. Final remarks are given in section V. Appendix A includes a description of certain analytic functions that become relevant in order to describe the properties of hairy black holes and solitons, and finally, appendix B is devoted to discuss the new exact solutions in the conformal (Jordan) frame.
II. CASE 1: HAIRY BLACK HOLES AND SOLITONS FOR A UNIPARAMETRIC FAMILY OF POTENTIALS
Let us consider the following class of self-interaction potentials,
which, apart from the AdS radius l, depends on a single parameter ν. Around φ = 0, the potential behaves as
and it then falls within the family defined in eq. (8) that is consistent with the boundary conditions given by (9) and (10) . Note that V 0,ν (φ) does not overlap with V 1,ν (φ) in eq. (12) for any value of ν. As mentioned above, the self interaction (14) turns out to be involved enough so as to possess a ground state in the hairy sector with nontrivial lowest eigenvalues for the Virasoro operators, but nevertheless it becomes simple in order to produce exact analytic hairy black holes and solitons. This is discussed next.
A. Black hole
The field equations that correspond to the action (7) with V = V 0,ν (φ) admit an exact solution, whose the line element reads
with
and the scalar field is given by
The coordinates range as −∞ < t < ∞, r > 0, 0 ≤ ϕ < 2π, and the solution depends on a single non-negative integration constant a. Remarkably, the scalar field is regular everywhere and the solution describes a hairy black hole provided ν > 0, otherwise the singularity at the origin r = 0 becomes naked. There is a single horizon located at
where Φ ν depends only on the parameter ν and it is given by
Here W stands for the Lambert W function, defined as
which for −1/e < z < 0 has an upper branch that ranges according to −1 < W (z) < 0 (see e.g. [22] ) [40] . For latter purposes it is worth pointing out that for 0 < ν < ∞, the function Φ ν is bounded as
Further details about Φ ν are included in appendix A.
The Hawking temperature of the hairy black hole (16), (18) can be obtained demanding regularity of the Euclidean solution at the horizon and it is found to be proportional to the integration constant a, which reads
while its entropy is given by
Asymptotically, this hairy black hole behaves as
and then falls within the set defined by eqs. (9), (10) with χ = √ a and α = −1/6. Therefore, the solution is asymptotically AdS in a relaxed sense as compared with the standard one [9] .
The mass of the hairy black hole can be readily computed by virtue of eq. (11), yielding [41] 
Note that the scalar field cannot be switched off keeping the mass fixed. Indeed, the solution depends on a single integration constant, so that for φ → 0, the geometry approaches the one of the massless BTZ black hole.
B. Soliton
For the self-interaction potential V 0,ν (φ) in eq. (14), the field equations also admit the following solution:
and
where the coordinates range according to −∞ < t < ∞, 0 ≤ ϕ < 2π, and
with ν > 0. Note that the solution is devoid of integration constants and depends only on the self-interaction parameter ν and the AdS radius l. It is simple to verify that the solution is smooth and regular everywhere. Indeed, the behaviour of the solution around the origin, located at r = 2lΦ 2 ν ν can be seen from the expansion of (31), given by
t, and ρ 2 = r 2 H(r), the metric approaches to the one of Minkowski spacetime,
Analogously, the form of the scalar field around ρ = 0 is given by
The asymptotic behavior of (32) and (30) is given by
and then belongs to the class of relaxed asymptotically AdS conditions defined by eqs. (9) and (10) The mass of this solution can then be obtained by virtue of eq. (11) which yields
In sum, this solution is regular everywhere, shares the same causal structure with AdS spacetime, and since it has a fixed finite mass, it describes a soliton.
Note that by virtue of (22) , which holds for the allowed range of the self-interaction coupling, ν > 0, the soliton mass M 0 = M sol becomes bounded according to
III. CASE 2: HAIRY BLACK HOLES AND SOLITONS FOR SELF-INTERACTION POTENTIALS WITH TWO PARAMETERS.
Here we consider a wider class of self-interaction potentials being such that not only interpolates, but generalizes the ones considered above. This is given by
which depends on two parameters ν, λ, and l stands for the AdS radius. The behavior of
so that it belongs to the class defined in eq. (8) . Note that for λ = 0 the self interaction (38) reduces to V 0,ν (φ) in Eq. (14), while after redefining ν = 6ν +1 (λ−1) 2 , in the limit λ → 1, the potential (38) acquires the form of V 1,ν (φ) in eq. (12) .
In what follows, exact hairy black holes and soliton solutions for this self interaction are explicitly found.
A. Black hole
In the case of V = V λ,ν (φ), the field equations possess an analytic solution. The metric is given by
where
and the scalar field reads,
The solution depends on a single integration constant b, and the coordinates range as −∞ < t < ∞, 0 ≤ ϕ < 2π, and r > r s , where r = r s stands for the location of the curvature singularity specified below. The asymptotic conditions (9), (10) , the asymptotic behavior of the solution reads
The mass can then be computed by virtue of eq. (11), which gives
As in the case of the solution found in the previous section, this one depends on a single integration constant b, and it is such that the massless BTZ black hole in vacuum (φ = 0)
is recovered for b → 0.
It is simple to verify that the solution describes a hairy black hole with a regular scalar field on and outside the event horizon provided ν > 0, which ensures the mass (44) is positive. Thus, remarkably, although the self interaction looks somehow involved, positivity of the hairy black hole energy still goes by hand with cosmic censorship.
The event horizon is located at r = r + , with
where the function R λ,ν is defined as the real root of
which only holds for ν > 0.
In the case of λ > 1 there is a curvature singularity at r s = 0, and since the function R λ,ν ranges as −∞ < R λ,ν < 0, it is always surrounded by the event horizon.
For λ < 1 the curvature singularity is located at r s = b
1−λ λ
, and it is also always cloaked by the event horizon since in this case the function R λ,ν ranges according to 1 < R λ,ν < ∞.
The Hawking temperature and hairy black hole entropy are given by
respectively, where the function
fulfills Υ λ,ν (1 − λ) > 0, so that the temperature and the entropy are manifestly positive, and it is bounded as
Further details about the functions R λ,ν and Υ λ,ν are revisited in Appendix A.
B. Soliton
The field equations for the self-interaction potential V λ,ν in (38), with ν > 0, also admit the following soliton solution:
and γ λ,ν :=
is a two-parametric constant.
The coordinates range according to −∞ < t < ∞, 0 ≤ ϕ < 2π, and
This solution depends only on the parameters of the potential, ν, λ and the AdS radius l.
Thus, as in the case discussed in Sec. II B, the soliton has no integration constants and it is simple to verify that the solution is smooth and regular everywhere. The soliton also fulfills the asymptotic conditions in eqs. (9) and (10), with χ = (γ λ,ν ) 1/2 and α = − (1 + 3λ).
Indeed, for r → ∞ the solution behaves as
Note that the constant α coincides with the one of the hairy black hole for the same potential
The soliton mass can then be readily obtained from eq. (11), which gives
and by virtue of (50) turns out to be bounded exactly as in eq. (37), i.e.,
As a concluding remark of this section, one can verify that in the limits λ → 0 and λ → 1, not only the potentials V 0,ν , and V 1,ν in eqs. (14) and (12) are recovered from V λ,ν , respectively, but also their corresponding hairy black holes and solitons described above, as well as those in Refs. [14, 18] . In the case λ → 0, this can be explicitly see as follows [42] :
Taking the limit λ → 0 with b λ → a, the solution defined by the metric (40) and the scalar field (42) becomes the black hole solution of section II A given by (16) and (18), provided the radial coordinates is shifted as r → r + a.
In the case of the soliton solution, the function Φ ν is exactly recovered from the limit λ → 0 in (46) and (49), i.e. Υ 0,ν = Φ ν . In this way, the soliton that corresponds to the two parametric potential case, described by eqs. (52) and (51), reduces to the uniparametric one in (30) and (32).
In sum, the self-interaction potentials considered here were shown to be simple enough so as to obtain exact and physically sensible hairy black hole solutions, and at the same time, sufficiently involved in order to provide analytic solitons whose masses are fixed and determined by nontrivial functions of the self-interaction parameters, as it can be explicitly seen from eqs. (36), (55). The link between soliton masses and the entropy of their corresponding hairy black hole entropies is discussed next.
IV. MICROSCOPIC ENTROPY OF HAIRY BLACK HOLES: SOLITON MASS AND ITS ROLE IN THE ASYMPTOTIC GROWTH OF THE NUMBER OF STATES.
The class of hairy black holes found here was shown to have positive mass and it can be seen that they share many of the features with the one previously found in [18] . In fact, for any of the self interactions discussed above, V 0,ν and V λ,ν , it occurs that for some fixed value of the energy, the same theory admits the existence of at least two different static and circularly symmetric black holes. Namely, for a precise value of the mass, apart from the hairy black hole that is dressed with a nontrivial scalar field, in vacuum one may also have the static BTZ black hole. Furthermore, it is worth highlighting that, since both black holes depend on a single integration constant, the hairy and BTZ black holes cannot be smoothly deformed into each other, due to that fact that for a fixed mass, the scalar field cannot be switched off. Following [14] , this observation naturally suggests that the hairy and the vacuum black holes belong to different disconnected sectors. In the vacuum sector, the energy spectrum of the static BTZ black hole possesses a continuous part bounded from below by zero, a gap describing naked conical singularities, and a ground state that corresponds to AdS spacetime, having a negative mass given by
In the hairy sector the situation is similar, since the energy spectrum also consists of a continuous part being bounded from below by zero that describes the hairy black holes, a gap that corresponds to naked singularities, and remarkably, a ground state that turns out to be consistently identified with the solitons described above. Indeed, the solitons possess negative fixed masses, given by eqs. (36) and (55), being completely determined by the fundamental constants of the theory. The soliton solutions were also found to be smooth, regular everywhere, and devoid of integration constants. Furthermore, they naturally provide the completion of the hairy sector spectrum, since they not only fulfill the same asymptotic conditions as the hairy black holes, but they also have precisely the same boundary conditions, because the value of the constant α, in eq. (9) coincides for both kinds of configurations. Besides, unitarity of the dual theory for c ± > 1 (see e.g. [31] ), together with the fact that the asymptotic growth of the number of states, given by (4), is well defined only for negative lowest eigenvalues of the shifted Virasoro operators, impose the following bounds on∆
Remarkably, full agreement is found from the bulk theory, since as expressed by eq. (37) this bound is precisely fulfilled by the soliton mass that corresponds to the ground state of the hairy sector, and according to (56) it is saturated in vacuum.
According to [14] , the semiclassical entropy of the black holes under consideration can then be suitably reproduced in terms of the microscopic counting provided the ground state configuration is identified as the soliton or the AdS spacetime, for the hairy and vacuum sectors, respectively.
Therefore, in the vacuum sector, since the lowest eigenvalues of the Virasoro operators ∆ ± 0 , are given by eq. (56), as explained in introduction, the asymptotic growth of the number of states given by (4) reduces its standard form in eq. (5). Thus, by virtue of (6) the semiclassical entropy of the BTZ black hole is exactly reproduced as in Ref. [2] .
The microscopic entropy of the hairy black holes discussed here can then be obtained assuming that∆ In the case of static hairy black holes, as the ones discussed here, the asymptotic growth of the number of states, given by eq. (4), reduces to
where M is the hairy black hole mass. For the uniparametric potential V 0,ν , the semiclassical entropy of the hairy black hole, given by (24) is then successfully reproduced from a microscopic counting once the black hole and soliton masses, given by (29) and (36) are replaced into eq. (58). Explicitly, this reads
Analogously, for the more generic potential V λ,ν , taking into account that the black hole and soliton masses are given by (44) and (55) respectively, formula (58) reduces to
in full agreement with (48).
V. FINAL REMARKS
New asymptotically AdS hairy black holes and solitons were shown to exist for General Relativity minimally coupled to a self-interacting scalar field in three dimensions. Different self-interaction potentials were engineered in order to obtain nontrivial analytic results, with the purpose of testing the robustness of regarding the soliton as the ground state of the hairy sector, and its key role in a microscopic counting of hairy black hole entropy. Our results then confirm that this proposal successfully goes beyond the example previously discussed in [14] and naturally point towards the fact that this mechanism should correspond to a generic feature of hairy black holes [43] .
In the microcanonical ensemble, i.e., for a fixed value of the mass, since the theory admits hairy and vacuum black holes, it is natural to wonder which is the preferred configuration.
By virtue of eqs. (58) and (37) (or equivalently (57)), the quotient of the entropies of the vacuum and hairy black holes fulfills
where M AdS , and M sol stand for the mass of AdS and the soliton, respectively. Therefore, the vacuum black hole turns out to be the thermodynamically preferred configuration. This result could be readily extended for the (grand) canonical ensemble, as well as for the rotating case through applying a boost in the "t − ϕ" cylinder. It would then also be interesting to compare it with the one that could be obtained from the mechanical stability of the hairy solutions.
As an ending remark, an interesting feature of the hairy black holes reported here and their corresponding solitons that is worth to be highlighted, is that their Euclidean continuations turn out to be diffeomorphic provided their temperatures are related by an S-modular transformation.
solitons that correspond to the self interactions V 0,ν and V λ,ν , respectively. Some of their useful properties in this context are detailed in this appendix.
· The function Φ ν is defined in terms of the Lambert W function according to eq. (20) .
It is a monotonically increasing function of the parameter ν, as it is depicted in Fig. 1 
while for ν → ∞, reads
Therefore, by virtue of eqs. (A1) and (A2), it can be readily checked that the bound (22) is fulfilled.
· The function Υ λ,ν is defined in terms of the function R λ,ν through eq. (49), where R λ,ν stands for the real root of (46). Further details about R λ,ν are revisited in Fig. 2 . It is simple to verify that it fulfills Υ λ,ν (1 − λ) > 0. In order to prove that the bound (50) holds, which reads
it is useful to recall eq. (46), so that this inequality is equivalently expressed as:
The plot represents the real zeros of eq. (46), which reads R 2
. The solid line corresponds to R 2 λ,ν , while the function at the right hand side, for the case λ > 1, is depicted by the dotted line, and for λ < 1 is given by the dashed line. The intersection of these curves then shows the existence of a real root of (46), which for λ > 1 lies within the range −∞ < R λ,ν < 0. This root approaches to νλ 2(λ−1) for ν → 0. For λ < 1, the plot shows that the real root is in the range 1 < R λ,ν < ∞.
In the case of λ > 1, when
> 0. Hence, since the function F (R λ,ν ) is monotonically increasing in the range −∞ < R λ,ν < 0, the inequality (A4) holds.
is a monotonically increasing function in the range 1 < R λ,ν < ∞, the inequality (A5) is satisfied.
It is simple to verify that in the case of λ = 0, the function Υ λ,ν reduces to Φ ν defined above, i.e.,
Following the same procedure that allows to recover the potential V 1,ν in (12) from V λ,ν in (38) , that consists on redefining ν = 6ν +1 (λ−1) 2 , and then taking the limit λ → 1, the function Υ λ,ν can be shown to fulfill
where Θν := 2(zz)
As shown in [18] and [14] , the function Θν is the relevant one in order to obtain an analytic description of the hairy black holes and solitons that correspond to the self interaction V 1,ν .
This potential is the only one that turns out to be singled out by requiring the matter piece of the action (B2) to be conformally invariant; i.e., unchanged under local rescalings of the
In the case of ν ≥ −1, hairy black holes solutions were found in [18] , which reduces to the one previously found in [39] for ν = 0. Solutions describing solitons were also found for the same range of the self-interaction coupling in [14] .
Solutions forV 0,ν
The self interaction (14) in the conformal frame, is mapped intô
whose behavior aroundφ = 0 readŝ
Hairy black hole: In this case the metric is given by
where the coordinates range as −∞ < t < ∞, a < ρ < ∞, 0 ≤ ϕ < 2π. The scalar field also acquires a very simple form, that readsφ
The hairy black hole solution, then depends on a single non-negative integration constant a, that parametrizes the location of the event horizon, for ν > 0, at ρ = ρ + , with
where W stands for the Lambert W function.
Soliton: The potential (B4) also admits an additional exact solution. The scalar field is given byφ
and the metric reads 
Note that the solution is devoid of integration constants. The coordinates range according to 1 + Φ ν ≤ ρ < ∞, −∞ < t < ∞, and 0 ≤ ϕ < 2π. The metric and the scalar field are regular everywhere. Since the mass does not depend on the choice of frame, it is given by (36) and the solution then describes a soliton.
Solutions forV λ,ν
In the conformal frame, the two-parametric potential (38) is mapped intô
whose behavior aroundφ = 0 is of the form Hairy black hole: The field equations derived from (B2) admit a static circularly symmetric solution whose metric is given by
where f (r) is expressed in eq. (41), and the scalar field readŝ φ(r) = b λ(r + b)
.
The solution then depends on a single integration constant b, and it is well-defined provided b/λ > 0. The coordinates range as −∞ < t < ∞, r s < r < ∞, and 0 ≤ ϕ < 2π. This solution describes a hairy black hole for ν > 0, with an event horizon at r = r + , with r + given by (45), which surrounds the singularity at r = r s , located precisely as explained in Section III A.
Soliton:
The self interaction (B13) also admits soliton solution described by the metric 
where the scalar field is given byφ (ρ) = 1 λ(ρ + 1)
The soliton possesses no integration constants, and taking in account that the coordinates range as 1 λ
+
(1−λ)Υ λ,ν λ ≤ ρ < ∞, −∞ < t < ∞, 0 ≤ ϕ < 2π, it is simple to verify that the solution is is regular everywhere.
